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Abstract 

The fuzzy algebra of S 4 is discussed by quantum deformation. To this end we embed 
the classical S A in the Kahler coset space SO(5)/U(2). The harmonic functions of S 4 
are constructed in terms of the complex coordinates of SO(5)/U(2). Being endowed with 
the symplectic structure they can be deformed by the Fedosov formalism. We show that 
they generate the fuzzy algebra A oc (S' 4 ) under the * product defined therein, by using 
the Darboux coordinate system. The fuzzy spheres of higher even dimensions can be 
discussed similarly. We give basic arguments for the generalization as well. 
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1 Introduction 



The fuzzy 4-sphere was discussed in [|l| as the next simplest generalization of the 2-sphere 
which had been extensively studied in the literature. In the string context the fuzzy 
spheres of four and other dimensions appeared as classical solutions 0|| in the Matrix 
Model 0. They represent non-flat p-branes in the string theory. It has been argued that 
perturbation around such classical solutions provides us with non-commutative gauge 
theories on the fuzzy spheres @[@j0- The fuzzy spheres were discussed also as classical 
solutions of the DBI action which represent non-commutative backgrounds of D-string 
propagation ||. Moreover non-commutativity of spheres was found in the string theory 
with the AdS n x 5 m geometry as well0. 



All the above arguments were developed for matrix realization of the fuzzy spheres. 
On the contrary in this paper we will discuss the fuzzy spheres by the Fedosov deformation 
quantization|H|][[n||^[|n|, as long as their dimensions are even. The key point to this 
end was found in [p| |14|| . Namely they gave a proper account of the relevance of the 
coset space SO(2a + 1)/U(a) for the harmonics analysis of the fuzzy S 2a . Based on their 
findings we will study quantum deformation of the harmonic functions of S 2a , exploiting 
the Kahler structure of the coset space 5*0(20 + 1)/U(a). 



We shall briefly review the works [pj| [ 14 1 . The fuzzy 4-sphere is described by looking 
for an N x N matrix realization of the equation 

5 

x^ ■ x^ = const., (1.1) 

fj,=i 

which classically describes the 4-sphere. The matrices x M transform as 5 of 5*0(5). Hence 
they are operators in an iV-dimensional irreducible (spinor) representation of 50(5). For 
a generic N they generate an infinite dimensional algebra under matrix multiplication. 
When N_ is the representation obtained by n-fold symmetric products of the spinor 4 of 
Spin(5), we have an arithmetical identity 

iV 2 = ^-(n + l) 2 (n + 2)V + 3) 2 = £ D{r u r 2 ). (1.2) 

n>ri>r2 

Here D(ri,r 2 ) is the dimension of the representation corresponding to the Young diagram 
of 50(5), labelled by row length (ri,r 2 ). 

n 



r 2 

For this special value of N, products of the matrices x M generate a finite dimensional 
algebra which is isomorphic to the full set of N x N matrices. They are decomposed 
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into sets of matrices which transform irreducibly under 5*0(5) according to the Young 
diagrams (r 1; r 2 ) relevant in the sum. The matrix algebra is called A n (5 4 ). From ^4 n (5 4 ) 
we may project out the generators corresponding to the Young diagrams with r 2 7^ to 
define a subalgebra, called A n (S A ). It is the classical analogue of the algebra generated by 
products of the harmonic functions on 5 4 , but clearly A n (S 4 ) is no longer an associative 
algebra. The associativity is recovered at the limit n — > 00. 



In this paper we will reverse the above arguments. Namely we start with explicitly 
giving the harmonic functions x^ of 5 4 . Then we will deform them according to the 
Fedosov formalism and realize the algebraic equation (1.1) with the * product defined 
therein. However 5 4 is a real 4-dimensional manifold with no symplectic structure. As 
such the deformation quantization by Fedosov does not work for 5 4 . A hint to overcome 
this difficulty is to consider a bundle over 5 4 with fibre S 2 , which is the Kahler coset 
space 

SO(5)/U(2) = {50(5)/50(4)}{50(4)/[/(2)} = 5 4 x S 2 . 

Then 5 4 may be described by the complex coordinate system of SO(5)/U(2) , where a 
symplectic structure manifests. The Kahler coset space SO(5)/U(2) has a set of Killing 
potentials M A , A = 1, 2, • • • , 10. By the Lie- variation of the isometry SO (5) they trans- 
form as 10: 

C nA M B = £ f ABC M c , (1.3) 
ceio 

and satisfy 

M A M A = const., (1.4) 

Aeio 

with f ABC the structure functions of 5*0(5). The existence of such Killing potentials is 
known for the general Kahler coset space |15|]. But an unusual feature of SO(5)/U(2) is 
that from these Killing potentials one can construct a fundamental vector x^ of 5*0(5) by 
the tensor product 10 <g> 10 = 5 © • • • . By the same Lie- variation as above it transforms as 

in which f AfJ,v are matrix elements of the 50 (5)-generators in the 5-dimensional rep- 
resentation. We will then find x^ to obey the algebraic equation (1.1). The existence 
of such a fundamental vector is characteristic for the class of the Kahler coset space 
50(2a + 1)/U(a). In contrast with the matrix realization, symmetric tensor products of 
x^ generate the commutative subalgebra of the harmonic functions of 5 4 , v4oo(5 4 ). By 
the construction it is obvious that these harmonic functions are expressed by the complex 
coordinates of SO(5)/U(2). Hence they can now be deformed by the Fedosov formalism 
to discuss the fuzzy 5 4 |ll|. We will then examine the fuzzy algebra under the Fedosov * 



product by taking the Darboux coordinates [12]. It will be shown that 



J2 x» * x» = d + d 2 h 2 , [x", x% = id 1 H J2 f Ailu M A , (1.6) 

u=i Agio 
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with some constants do, d\ and di- More generally we can show that the Fedosov * product 
of preserves the symmetry of SO (5). Therefore repeating the * product generates the 
algebra isomorphic to A oc (S' 4 ). 



The paper is organized as follows. In Section 2 we discuss the Kahler coset space 
50(5)/£7(2). The Killing vectors, Kahler potential and the Killing potentials of the coset 
space are explicitly given. The fundamental vector x p of SO (5) is constructed from the 
Killing potentials. In Section 3 we discuss the harmonic functions of 5 4 . In Section 
4 they are deformed by the Fedosov formalism in the Darboux coordinates. They are 
shown to generate the non-commutative algebra A oc (S' 4 ) under the * product defined 
therein. In Section 5 we explain the relation between the coset spaces 50(5)/£7(2) and 
£7(4)/£7(3) ® £7(1), which is useful to get better understanding of the former coset space. 
The whole arguments on the fuzzy 4-sphere can be straightforwardly generalized to the 
case of the fuzzy S 2a . Appendix is devoted to give basic arguments for the generalization. 

2 The Kahler coset space SO(b)/U(2) 

The coset space 50(5)/£7(2) is a Kahler manifold according to the Borel theorem 
We shall study on an explicit construction of this manifold. The Lie-algebra of 5*0(5) is 
given as 

t pa ] = i5m va - i5 up t^ - i<fT" + i5 vu t pp (2.1) 

where t^ v = —t up with /i, v = 1, 2, • • • , 5. We will decompose the generators into the 
broken generators, denoted by X 1 and X 1 , i — 1,2,3 and the ones of the homogeneous 
group £7(2), denoted by S 1 , Y, 1 = 1, 2, 3: 

{T A } = {X\X\S 7 ,y}. (2.2) 

By noting the 577(2) £g> 5£7(2)-subalgebra formed by 

5 1 = ^(t 23 + 1 14 ), 5 2 = i(t 31 + 1 24 ), 5 3 = l -{t 12 + 1 34 ), 
P 1 = i(t 23 - t 14 ), P 2 = i(t 31 - t 24 ), P 3 = l -(t 12 - t 34 ), 
they are identified as 

x* = ht 15 + it 25 ) : x 2 = -(-t 35 + tt i5 ), x 3 = ^(p 1 + zP 2 ), 

2 2 \J 2 

S 1 = (S\S 2 ,S 3 ), Y = P 3 . 
In this basis the Casimir of 50(5) takes the form 

T A T A = X i x i + X i x i + g- S + + S+S - + ^3J2 + (Y) 2 , 
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with S^ 1 = -^(S 1 ± iS 2 ). The non-trivial part of the Lie-algebra (2.1) reads 

[^X I ] = ~(F + S' 3 ) ) [X 2 ,X 2 ] = ^(Y-S 3 ), [X 3 ,X 3 ]=Y 

[X\X 2 } = ±=S\ [X\X*] = -±X>, [X*,X*] = ±X\ 

[X\X 2 ] = ±=X\ [X\X 3 ] = 0, [X 2 ,X 3 ] = 0. 

The Kahler coset space SO(5)/U(2) is parametrized by the coordinates corresponding to 
the broken generators X 1 and X % . From (2.3) we find that under the homogeneous group 
SU(2) the broken generators X 1 and X 2 transform as 2, while X 3 as 1. Therefore the 
Kahler coset space SO(5)/U(2) is reducible. For an explicit construction we have to be 
involved in the general arguments given in Pllpj . But the homo geneous group contains 



a single U(l) so that the construction is relatively easier. 
2.1 The Killing vectors 

First of all we discuss the holomorphic Killing vectors R (z) and R (z) in the basis 
of the decomposition (2.2). The standard application of the CCWZ formalism |TT| does 
not give the holomorphic Killing vectors R Aa satisfying the Lie-algebra (2.3). Hence 
we extend the isometry group SO (5) to the complex one SO(5) c and consider a coset 
space SO(5) c /U(2) with the complex subgroup U(2) generated by X\ S 1 , Y [jl7|. As will 



be explicitly shown later, there is an isomorphism between this complex coset space 
SO(5) c /U(2) and SO(5)/U(2): 

SO(h)/U(2) = SO(h) c /U{2). (2.4) 

The holomorphic Killing vectors are obtained by applying the CCWZ formalism to the 
complex coset space SO(5) c /U(2). It is parametrized by complex coordinates z a ,a = 
1,2,3 corresponding to the broken generators X 1 . Consider a holomorphic quantity 

£(z) = e z -* e SO{hf/U{2) (2.5) 

with 

z-X = z l X l + z 2 X 2 + z 3 X 3 . 
By left multiplication of g = e %tATA g 5*0(5) , we can find the relation 

gZ{z)=t{z')h{z,g), (2.6) 

appropriately choosing the holomorphic compensator h(z,g) = e lX<yZ,9 " l ' H E U{2). Here e A 
and As are global and local parameters parametrizing g and h respectively as 

e A T A = e i x i + e l x i + e - S + + e + S - + e Sg3 + e Yy^ 

x-n = x i -x i + \-s+ + x + s- + x s s 3 + x y y. (2.7) 
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This defines a holomorphic transformation of the coordinates z a which realizes the isom- 
etry group non-linearly. When the parameters e A are infinitesimal, (2.6) yields the holo- 
morphic Killing vectors R Aa (z) as 

5z = z' a (z)-z a = e A R Aa (z), (2.8) 

which satisfy the Lie-algebra (2.3). 



To make the argument explicit we use the spinor representation of 5*0(5). That is, 
the 5'0(5)-generators are given by 



with the 7-matrices 



7 = i 



a 1 
-a 1 



7 4 = 



1 

1 



7 5 = 



-1 
1 



In the basis of the decomposition (2.2) the broken generators become 
X 1 - 



X 2 



( 1 \ 



10 

V o o o o / 

( \ 

1 
-10 

V o ooo/ 



X s = 



AV2 



while the ones of the homogeneous part 

1 ( o 1 \ 







Y 





( 








°\ 


1 

























1 




V o 








o / 




/ 














a 3 


)■ 





It is important to observe algebraic relations of the formers such that 



(x i y = o, 
x x x 2 



= 1,2,3, 



-X 2 X l = —X 3 
4 

X 1 X 3 = X 3 X 1 = 0, X 2 X 3 = X 3 X 2 



0. 



(2.9) 



(2-10) 
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Owing to these relations the holomorphic quantity (2.5) can be easily evaluated: 



-Z-X 1 



/ 2 -z 2 \ 

2 z l 

2 

\ z 1 z 2 z 3 2 ) 



(2.11) 



Choose the local parameters of the holomorphic compensator h(z,g) in (2.6) to be 

\1 -1 , L -3 2 \2 -2 ^ -3 1 \3 -3 

A = e H -r=e z , A = e -r=e z , A = e , 

V 2 y2 

A + = v^ e + + _i_eV - ^V) 2 , A" = v^e" + -^eV - ^V) 2 , 
2^ 4 v ' 2y/2 4 v y ' 

11 1 

X s = e + -eV eV H =e"V,2 2 , 

2 2 2v/2 

A y = e y + ieV + -eV+^ 3 . 



(2.12) 



When the global parameters e A are infinitesimal, we find the holomorphic Killing vectors 
from the relations (2.6) and (2.8) 



R ll = 


h 




R 21 = 


0, 


R 2l = % -(2V2z 3 -z l z 2 ), 


R 31 = 


0, 


R 31 = 1 3 

2 


R +1 = 


0, R' 1 


= -^z 2 , R S1 = --z\ R Y1 = - V 
y/2 ' 2 ' 2 


R I2 = 


0, 


R 12 = - t -(2V2z 3 + z 1 z 2 ), 


R 22 = 


h 


R 22 = -'-(z 2 ) 2 , 


R 32 = 


0, 


#32 = * 2 3 

2 


R+ 2 = 


* 1 

7= z > 


R-i = 0, R S2 = -z 2 , R Y2 = --z 2 , 
2 ' 2 ' 


R l3 = 


i\[2 2 

4 *' 


it> 13 = —z'z 3 , 


R 23 = 


^ 1 

4 *' 


^23 = _ * 2^3 

4 


R 33 = 




R 33 = -'-(z 3 ) 2 , 


R+ 3 = 


0, R- 3 


= 0, R S3 = 0, i? y3 = -iz 3 . 



(2.13) 
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2.2 The Kahler potential 

Next we will discuss the Kahler potential of SO(5)/U(2). We have recourse to the gener- 
alized CCWZ formalism adapted for the Kahler coset space 0]. Consider a quantity 

U(z,z) G SO(5)/U(2), (2.14) 

with WU = UU^ = 1. But the standard parametrization of U, i.e, U(z,z) = e z ' x ~ z ' x 
does not give the metric of the type (1,1), i.e, g a p = feg = 0. Therefore we employ the 
non-standard one, namely 

U{z,z) = £(z){(z,z), (2.15) 

in which £(z) is the holomorphic quantity defined by (2.5), while C( z >~z) an element of the 
complex subgroup U(2). We parametrize the latter as 

C(z,z) = e ^yx e b{z,zys e c(z,z)Y^ ^ 2 _ 16 ^ 

with a-X — a l X l and b - S = b 1 S 1 . Here a 1 are complex functions, while b(z,z) and c(z,z) 
are chosen to be real functions because the purely imaginary parts can be absorbed into 
an element of H. They are determined by the unitary condition WU = 1 which reads 

We then remark that (2.15) is an concrete expression of the isomorphism (2.4) between 
the coset spaces SO(b)/U(2) and SO(5) c /U(2). In ref. it was shown that we may 
identify the local parameter c(z,z) to be the Kahler potential of the manifold 

-2c(z,z) = K{z,z), (2.18) 

because the transformation (2.8) induces the change 

c(z,z) - c(z,z) + l -{\ Y {z) - \ Y (z)), (2.19) 
in (2.17). Here \ Y (z) and \ Y (z) are the holomorphic functions given in (2.12). 



We will apply this argument to find an explicit form of the Kahler potential for 
SO(5)/U(2). It is again convenient to work out in the spinor representation (2.10). The 
(3, 3)-element of the r.h.s. in the unitary condition (2.17) reduces to 

= [e- 2c( ^ )y ] 3 3 = e-<^. 

By calculating the l.h.s. with (2.11) it yields 

K(z,z) = 21og(l + \\z^ + \\z^ + i|z 3 | 2 )- (2.20) 

We may check the transformation property of this Kahler potential by the Killing vectors 
(2.13). It indeed changes as (2.19) with the holomorphic function A y (z) given in (2.12). 
We observe that the form of the Kahler potential is almost the same as the one of CP 4 (= 
U(4)/U(3) <g> U(l)). But the isometries realized on both manifolds are clearly different. 
We will later come back to inspect a relationship between them. 
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2.3 Killing potentials 

Finally we calculate the Killing potentials M A (z, z) for SO(5)/U(2). According to ref. 
[15| they are given by 



-iM A = K, a R Aa - F A . (2.21) 
Here F A follow from the transformation property (2.19) of the Kahler potential, i.e., 

-i\ Y = e A F A . 

By using A y given in (2.12) together with (2.13) and (2.20), we calculate the r.h.s. of 
(2.21) to obtain the the Killing potentials M A (z,z) 

M l = -^(z 1 - ±fz\ 
M 2 = -^(z 2 + ±zh 3 ), 

M 3 = -jz 3 , c.c, (2.22) 

M+ = — ^zV, M~ = — ^zV, 

2V2f 2V2f 

M s = ±(\z'\ 2 -\z>\% M Y = -±- f {2-\z 3 \ 2 ), 

f = l + \\A 2 + \\z 2 \ 2 + \\z 3 \ 2 . 
From these Killing potentials we calculate the fundamental vector by the formula 

x» = ^ £ ^ 5 M up M aS , (2.23) 

with e^ u P aS the totally antisymmetric tensor of SO (5). It reads 

-(-ix 1 + x 2 ) = V2M 3 M 2 - V2M + M 2 - M 1 (M S - M Y ), c.c, 
1 



in which 



/.,•- + x 4 ) = -V2M 3 M 1 - V2M-M 1 + M 2 (M S + M Y ), c.c, (2.24) 



We then find 



,3 tX j = "\ 

x 5 = (M 5 ) 2 - (M Y ) 2 + 1M M - 2M 3 M 3 . 



—ix + x = — (z H =z z , c.c, 

/ V2 



ix 3 + x 4 = hz 2 - -^z 3 ), c.c, (2.25) 

/ y/2 

5 lJ^T |z 2 | 2 |z 3 | 2 1X 



The respective transformation properties (1.3) and (1.5) of M A and are obvious by the 
construction. On the other hand the algebraic equation (1.4) and (1.1) follow from the 
theorem given in ref. [|T^]. But we have here checked them by direct calculations: 

M A M A = 1, = 1. (2.26) 



3 The harmonic functions of S A 

We now show that the fundamental vector x M generates harmonic functions of 5* 4 . Define 
a "false" metric of SO(5)/U(2) by 

9 <* = R Aa R A0 , 

° a/3 _ R A* R A^ l*fl- R Aa R Af3 (g -g 

They satisfy the Killing equations 

C RA °g a ? = 0, etc.. 

By (2.13) we find that 

9 aP = 0, c.c, (3.2) 

o a 

and 9 is given by 

9 ll = l + \\z l \ 2 + \\z 2 \ 2 + -\z 1 \ 2 \z :i \ 2 
2 2' 1 4' 1 1 1 

+ 4k 1 ! 4 + ^(2V2z 3 - ^ 1 ^)(2v / 2# - z'z 2 ), 
lb Id 

5 25 = i + h z l \ 2 + Ik 2 ! 2 + i| z 2 | 2 | z 3|2 
2 2 1 1 4 1 11 1 

4-^T + 4(2^ + z 1 z 2 )(2v / 2^ 3 + zV), 
lb lo 

°g 33 = (1 + I| z 3|2)(l + I|^| 2 + I|^ 2 | 2 + IU3|2X 

v 2 i I a 8 8 1 1 2 1 1 ; ' 

^12 = ^2(( z l)2 5 3_-2 )2 3 )+ l-2 ( l|.l|. > ,.2|> 

8 u ; v ; ; v lg i 

o 1S = _ ^2 1 /^(l 

4 v 2 1 1 ; v 16' 16' 1 4' ' 2 

9 25 = ^(i + ^T) + *V(^T + t^T + \\A 2 + \), 

O 7i 

and their complex conjugates. Therefore they give a (1, 1) metric, but the 9 is not the 
inverse of g a p obtained from the Kahler potential (2.20). This discrepancy comes from 
the fact that 

9 a0 | ^ g a$ | . 

2 = 2 = 2 = 2=0 



l^l 2 + 


1 


1 2 1 2 , 

\z \ 4 


1 


16 




" l' 


12 1 

H 


k 2 


,2 1 

1 + 4 


\z 3 \ : 


1 16 
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It is a quite general phenomenon when the Kahler coset space is reducible. The correct 
inverse metric is given by 



as well as 



g a(3 = R Aa( UpU -yB R B^ 



g *f3 = R A a{ jj pu -l^AB R Bp = Q) 



(3.3) 



C.C.. 



Here U is the quantity defined by (2.15), but in the adjoint representation. P is a matrix 
which has non- vanishing elements only in the diagonal blocks corresponding to the broken 
generators X a = (X l ,X l ) such that 



pij — pji 



(For the details on this point the readers can refer to |Tj|[[2(J.) Nonetheless the Laplacian 
on SO(5)/U(2) with the "false" metric is a nice property , namely the Laplacian for 
scalar fields is given by 




A 



1 



d a N9 9^dg) + c.c. 



(R Aa d a + R Aa d a )(R A Pdp + R A? d B ) = C r aC r a. 



(3.4) 



Here 9 = (det^^) 2 . It can be easily shown by using (3.1) with (3.2) and the formulae 
following from them: 



R Aa R Ap = q 



R Aa R Ap 



-My 9) 9 



a/3 



Act the Laplacian on the fundamental vector given by (2.25). Owing to (1.5) we find 

Ax^ = C r aC r ax^ = f A ^f A »P x P = c k x», (3.5) 

in which C5 is the Casimir of SO (5) in 5 taking the value —2 in the basis given by (2.3). 
This equation implies that the fundamental vector x M is an eigenvector of the Laplacian 
(3.4) and gives a basis of the harmonic functions of S 4 . 



Note that the Killing potentials M A given by (2.22) are also eigenvectors of the Lapla- 
cian (3.4), i.e., 

AM B = C r aC r aM B = f A BC f ACD M D = CmM B ( 36 ) 

with C10 = —3 which is the Casimir of SO (5) in 10. But M (fc A 0O (S' 4 ). In other words 
the Killing potentials M A are not harmonic functions of S 4 , but of SO(5)/U(2), since 
they cannot be obtained by symmetric products of x^. 
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4 Fuzzy algebrae 



The Fedosov formalism||10|| for the deformation quantization provides us with * product 
of functions on symplectic manifolds. It may be applied for the Kahler manifold most 
effectively as shown in |Tl| . When we change the coordinates (z a ,z a ) to {q a ,p a ) as 



q a = z a , p a = -iK, a , (4.1) 

with the Kahler potential, the Kahler two-form can be put in the form 

did = dp a A dq a . 

Hence {q a ,p a ) are the Darboux coordinates. Then the Fedosov * product for the Kahler 
manifold reduces to 

afa9 ) = £ ^ - JLJL rMp , 9 ), (4.2) 

which is the Moyal product |12|. The Killing potentials are given by (2.21) for the general 



Kahler coset space. In terms of the Darboux coordinates the Killing potentials become 

-zM A (q,p) = ip a R Aa {q) - F A (q). (4.3) 

In ref. [^] it was shown that with the * product (4.2) they satisfy the fuzzy algebrae 

[M A , M% = -ihf ABC M c , 
M A *M A = c + c 2 h 2 , 

in which cq and c 2 are constants. For SO(5)/U(2) we find that 

c = 1 c 2 = -1 

by the normalization of the S'0(5)-algebra in (2.3). The fundamental vector x M is also 
expressed by the Darboux coordinates, owing to the formula (2.24). Plugging the Killing 
potentials (4.3) into the formula we find x^ 1 to take the simple form 

ix 1 + x 2 = -(4ipi + \/2ip 3 q 2 ), 
-ix 1 + x 2 = --[ ipiiq 1 ) 2 + ip 2 q 1 q 2 + «P3<?V - 2y/2ip 2 q 3 - 2q 1 ], 
ix 3 + x 4 = --[ ipiq l q 2 + ip 2 {q 2 ) 2 + ip 3 q 2 q 3 + 2\p2ip x q 3 - 2q 2 ), (4.4) 

-ix 3 + x 4 = ^{4ip 2 - y/^ip-^q 1 ), 
x 5 = ipiq 1 + ip 2 q 2 — 1. 
Then the fuzzy algebrae (1.6) can can be easily checked. We find that 

x » * = 1 - h 2 , [x^, x u l = -2ihf Alxv M A . (4.5) 
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The coefficients f AfJ,u should be matrix elements of the SO (5)-generators in the 5-dim- 
ensional representation because the Jacobi identity of the commutator with the * product. 
The * product (4.2) preserves the symmetry of SO (5). Namely we have 



due to the Killing equation C R Ag a/3 = 0, in which g af3 is the inverse metric of g a a or 
equivalently given by (3.3). Therefore the symmetric product {x' I ,x u } ie transforms as a 
tensor of the second rank. Subtracting the scalar component from this product by (4.5) 
one obtains the harmonic function in 14 of 5*0(5). Thus repeating the symmetric or 
antisymmetric * product generates the fuzzy algebra A 00 (S' 4 ). 



5 Relation between SO(b)/U(2) and U(A)/U(3) <g> U(l) 

As has been noted at the beginning of Section 2 the Kahler coset space SO(5)/U(2) 
is reducible, but U{A)/U{3) ® £/(l)(= SO(6)/U(3)) not. We will discuss on a relation 
between these Kahler coset spaces. The Lie-algebra of U (4) are given by 

[Tf,Tk] = -5 J K Tf + 5fTZ, 

where (T/)t = Tj,I,J = 1,2,3,4. Under the subgroup U(3) the generators Tf are de- 
composed as 

{T/} = {7; 4 ,T 4 i ,7y,T 4 4 }, i,j = l,2,3. 

We parametrize the Kahler coset space U(4)/U(3) ® U(l) by the coordinates <p a and 
<p a , a — 1, 2, 3, which respectively correspond to the broken generators T 4 and T\. Then 
the Killing vectors Rj 01 (4>) and the complex conjugates are given by 

Rf a = i5f, R\ a = -if(j) a , 

R) a = -i5y\ R\ a =i<p a . (5.1) 

The Kahler potential K(<p,4>) and the Killing potentials M/(0,0) of U(A)/U(3) ® U(l) 
respectively are found to take the forms 

^ = iog(i + |0T + l0T + l0T) = iog/, 



and 



1 

4 = C - C -> 



Ml- x ^ 



/ 

M 4 2 = -i0 2 , c.c, (5.2) 

/ 

M) = l^ft, M 4 = I 
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M 4 = — ^d) A , c.c. 



From (5.1) we find that 

°g a ^ = Rj a Rp = f(5 a ? + a /3 ), 

°g al3 = Rj a RY = 0. c.c. (5.3) 

On the contrary to the case of SO(5)/U(2) it gives the correct inverse metric of K <a p. 
This is a fact which always holds when the Kahler coset space is irreducible. 



The isometry group Z7 (4) contains 5*0(5). Hence the generators T/ are decomposed 
also under this subgroup as 16 — > 10 + 5 + 1. They are grouped into 



10: ^ 



X i = l(T} + Ti), 
X 2 = \{Tl - if), 

s- 



q+ — i t 1 

D ~ v / 2 i 2' 

y = m 



h.c, 
h.c, 

h.c, 

- J_T 2 
" y/2 J l' 



{ ^(-n-Tl + Ti + T?), 
1 



S * = un-Ti), 

h.c, 
h.c, 



(5.4) 



2^2 



(Tl+T 2 + Tl + Tt). 



The generators in 10 satisfy the 5'0(5)-Lie-algebra in the form (2.3). Correspondingly the 
Killing potentials (5.2) are decomposed to yield those of SO(5)/U(2) and the fundamental 
vector, respectively given by (2.22) and (2.25). For the precise identification we should 
understand the scaling 



r 



r 



1 

K = -K. 
2 



(Note also a slight difference between the normalization of the fundamental vector (2.25) 
and that of the corresponding generators (5.4).) The Killing vectors of SO(5)/U(2), given 
by (2.13), can be obtained by similarly decomposing those given by (5.1). 



The Killing potentials of U(A)/U(3) <8> U(l) may be decomposed under any other 
subgroup. The unusual feature of the decomposition under 5*0(5) is that the Killing 
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potentials in 10 and 5 each obey the constraints (2.26). For a representation n of a 
generic subgroup for the isometry group U(4) we find that 

E Mj Mj 7^ const.. 

CO** 

For instance, take a set of M-,i,j = 1,4. The corresponding set of the Killing vectors 
R\ a is a non-linear realization of the subgroup U{2) generated by T- ,i,j = 1,4. By the 
Lie- variation with respect to them M- transform as the adjoint representation of U(2). 
However we find that 

E M?Mj = i(l + |0 1 | 2 )V const., 

i,j=l,4 J 

and 

E i?r^P=(i + i0T)(^f+0> /3 ), 

We might say that the last two equations define a /oise metric of some manifold. But it 
is degenerate at (f) a = (j> a = 0, and is no longer of (1, 1) type. 



6 Conclusions 

One of the important ingredients of this paper is that we have found the harmonic func- 
tions of S A in the form (2.25). For this purpose we considered a bundle over S* 4 with 
fibre S 2 , which is the Kahler coset space SO(5)/U(2). We have constructed the Killing 
potentials for SO(5)/U(2) as (2.22). The harmonic functions (2.25) followed from them 
by the formula (2.23). Hence they were expressed by the complex coordinates z a and 
z a ,a = 1,2,3 of the Kahler coset space SO(5)/U(2). 



We can apply the deformation quantization by Fedosov[[I(J[]II] for those harmonic 
functions and explore the fuzzy S 4 with the * product defined therein. To do this most 
conveniently we changed the complex coordinates (z a ,z a ) to the Darboux coordinates 
(q a ,p a ) defined by (4.1). Then the Fedosov * product reduced to the usual Moyal product 
(4.2), and the deformation quantization was much simplified. Moreover the harmonic 
functions of S 4 (2.25) were readily expressed in the Darboux coordinates as (4.4). It 
consists of another important ingredient of this paper. As the result we were able to 
easily show the fuzzy algebrae (4.5). 



In UJH it was discussed that N x N matrix obeying the constraint (1.1) generates the 
matrix algebra A n (S 4 ), when N takes the special value such as (1.2) given by an integer 
n. Symmetric traceless products of the matrices up to order n form its subgroup v4 n (S' 4 ), 
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which is not associative. In the limit n — > oo the associativity is recovered and A OQ (S 4 ) 
becomes the algebra equivalent to the one generated by the commutative products of 
the harmonic functions. We have shown that this commutative algebra of the harmonic 
functions becomes the non-commutative one A DO (S' 4 ) by the deformation quantization by 
Fedosov. This is the main result of this paper. 



These arguments on S A can be straightforwardly generalized to the case of S 2a . This 
time we consider a bundle over S 2a with fibre SO(2a)/U(a), which is the Kahler coset 
space SO(2a + 1)/U(a). In Appendix we show an explicit way to construct the harmonic 
functions of S 2n in the symplectic coordinates of the Kahler coset space SO(2a + 1)/U(a). 
Although we do not discuss in details, it is obvious that we can find the fuzzy algebra 
Aoo(S 2n ) by applying the deformation quantization for those harmonic functions similarly 
to the case of S 14 . 



The arguments in this paper were done by fully exploiting the the Kahler structure of 



SO(5)/U(2). It was noticed in |7|||21[| that the Kahler structure is important for studying 



the Matrix Model on some non-commutative coset spaces. It is desired to extend their 
study to non- commutative backgrounds with the general Kahler coset space geometry 
following the works | 
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Appendix S 2a in SO(2a + 1)/U(a) 

The 2a-sphere is described by the coordinates of the Kahler coset space 5*0(20-1- 1)/U(a) 
as noted by 

SO(2a + l)/U(a) = {S0(2a+ 1)/S0{2a)} x {SO(2a)/U(a}} 
= S 2a x SO{2a)/U{a). 

To show this it suffices to explicitly construct S0(2a + 1)/U(a). It is a reducible Kahler 
coset space. The direct construction following the arguments in Section 2 is rather in- 
volved. Instead we will do it via the irreducible Kahler coset space SO(2a+2)/U(a+l), as 
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was done in Section 5. SO (2a + 2)/U(a + 1) may be constructed according to the general 
method for the irreducible Kahler coset space discussed in refs [12|. The generators of 
SO{2a + 2) are decomposed under the subgroup U(a + 1) as 

{T A } = {Yjj, Y U , T/}. J, J = 1, 2, ■ ■ ■ , a + 1, 

in which Yjj = —Yjj, (Yjj)^ = Y IJ and (T/)t = Tj. They satisfy the Lie- Algebra 

[>/j,^l]=0, /i.e., 

[F /J , Y KL ] = b^Tl - 5[T J K - 5 J K T[ + 5 J L T^ (A.l) 
[Tf, Y KL \ = -5 J K Y IL - 5 J L Y Kh h.c, 
[T I J ,Tk] = -5^T I L + 5fT^. 

Tj are the generators of U(a + 1), while Yjj and Y U the broken generators. The Casimir 
is given by 

l(YuY IJ + Y IJ Y IJ )+TfTj. 

The local coordinates of the coset space SO{2a + 2)/U(a + 1) are denoted by 4>u and 
<p IJ , correspondingly to the broken generators. Hereinafter upper or lower indices of the 
coordinates stand for complex conjugation. Therefore lowering or raising them should be 
done by writing the metric gjj KL or (g~ 1 )jj KL explicitly. 



The Killing vectors R A MN ((f>) and R A MN ((f>) are respectively non-linear realizations 
of the Lie-algebra (A.l) on 4>mn and <fi MN : 



R 1 



MN 



= -i[T J 



J MN\ 



C.C.. 



They are given by 



R IJ mn — ^mn(= &m?>n ~ ^m^n)i 



R 



I J MN 



Rl MN = i(Kl<PlN + S J N (j) 



MI 



Then the Kahler potential is found according to the formula (28) in [12 



(A.2) 



(A.3) 



where Q M 



>MLS 



lNL 



tf = -logdet[l + Q], 
Indeed by the Lie-variation it transforms as 



1 



e A C RA K = -e A (R 



MN 



'MN 



kMN ■ 



f-MN 



4>MN + €MN<t> 



MN\ 



(A.4) 



Note that for the case of a = 2 the Kahler potential takes a simple form such that 

W 31 ). (A.5) 



K = log(l + 12 12 + 23 23 
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By using the formula (2.21) with (A. 3) and (A. 4) we obtain the Killing potentials 



m/ = - | TTq I ' + ^ (a - 6) 

One can check that they transform as the adjoint representation of SO (2a + 2) by the 
Lie-variation with respect to the Killing vectors (A. 3) and satisfy 

M U M IJ + MjMj = i( a + 1). 



The Kahler coset space SO(2a + 1)/U(a) can be constructed from the knowledge of 
the coset space SO(2a + 2)/U(a + 1), as has been done for the case of a = 2 in Section 5. 
To this end we decompose the generators of SO{2a + 2) under U(a) as 



with i,j = 1, 2, 

as 



St^x _ ry v. y 8 a+1 t3 rpa+i rpi rpa+i\ 

X 1 J — \ I iji I i 1 ! a+li 1 ■> 1 i-> 1 i ■> 1 a+li 1 a+l S ■ 

■ , a. They are grouped in the irreducible representations of 5*0(20 + 1) 



adjoint rep. 



Yi 



: < 



i a+1 



V2Y, 



rpa+1 



funda. rep. 



Xij), 
V2T? (= Hi), 

V _i_ T ,a + 1 
*i a+1 -r J- i , 



h.c, 
h.c, 



(A.7) 



h.c., 



(A.8) 



In (A.7) the generators of S0(2a + 1) are given in the basis of U(a). The Casimir of 
SO (2a + 1) takes the form 



xX + Tx t + -(XijT 3 + T'Xij) + mil]. 

Xi, Xij and their hermite conjugates are the broken generators. The coset space S0(2a + 
1)/U(a) is parametrized by the coordinates corresponding to them, denoted respectively 
by Zi, Zij and their complex conjugates. To obtain the Killing vectors of S0(2a + 1)/U(a) 
we take from (A. 3) the subset of the Killing vectors which realize the isometry S0(2a + 1) 



R 
R 



MN 



MN 



-"-i MN 



-i[X\<p MN ], 

-i\X t] ' ,4>mn\ 
-i[Hf,<f) MN }. 



R mn — — i[Xi, 4>mn\ ) 

Rj mn = —i [Xij , 4>mn] 



(A.9) 
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We identify the coordinates of SO (2a + 2)/U(a + 1) with those of SO (2a + l)/U(a) as 



<f>i a+ i = Zi, (pij = V2zij, c.c. (A. 10) 

Then from (A. 9) we find 



p« 


^5 m , Ri m i( 


V 2Zi m ZiZfn) , 


R ij 


0, Rij m 2i( 




pi 

m 


= V2i5 J m Zi, 




pi 

van 




Ri mn ^(^im^n ^in^m 


R ij 

" mn 


— iS ij R 

bu mn) ll iJ mn 


2i( Zi m Zj n -\- ZinZjyy^ , 


pi 

mn 


= V2i(5 J m z in + 5 3 n z mi ). 





(A.ll) 



They realize the Lie-algebra of SO (2a + 1) non-linear ly on the coordinates z mn and z m , 
given in the basis (A. 7). Therefore they are the Killing vectors of SO(2a + 1)/U(a). The 
Kahler potential is given in the same form as (A. 5) 

tf = ilogdet[l + Q], 

but with the identification (A. 10), i.e., 

^ 2z m \z -\- z m z \f2z m iz 



Qm — 

\ -\[2ziz 



~nl „ 



One can check that it transforms according to (A. 4) by the Lie-variation with respect 
to the Killing vectors (A.ll) of SO(2a + 1)/U(a). The Killing potentials of SO(2a + 
2)/U(a + 1), given by (A. 6), decomposed into the two subsets corresponding to (A. 7) and 
(A. 8). With the identification (A. 10) the subset in the adjoint representation gives the 
Killing potentials of SO(2a + 1)/U(a), while the one in the fundamental representation 
the harmonic functions of S 2a . 
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